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The Application of Invariant Theory to the 
Existence of Quasi-symmetric Designs 
A. K. CALDEKBANK 
Gleason and Mallows and Sloane characterized the weight enumerators of 
maximal self-orthogonal codes with all weights divisible by 4. We apply these 
results to obtain a new necessary condition for the existence of 2 --(I’, Ir, 2) designs 
where the intersection numbers .s, ,.... .Y,~ satisfy .A, =A~ z = .A, (mod 2 J. Non- 
existence of quasi-symmetric 2-(21, 18, 14) 2-(21. 9, I?), and 2-(35, 7, 3) designs 
follows directly from the theorem. We also eliminate quasi-symmetric 2-(33. 9, 6) 
designs. We prove that the blocks of quasi-symmetric 2-( 19, 9, 16), 2-(20, IO. IS), 
2-(20, 8. 14). and 2.(22, 8, 12) designs are obtained from octads and dodecads in 
the [24, 121 Golay code. Finally we eliminate quasi-symmetric ?-( 19. 9. 16) and 
2-( 22. 8. 12) designs. 1 1987 Awdcmic Pre>\. lnc 
1. 1 NTRODUCTION 
A 2 - (21, k, E,) design is a collection ~4 of subsets (called blocks) of a u-set 
such that every member of J8 contains k points and any pair of points is in 
jS blocks. We shall denote the number of blocks by h and the number of 
blocks containing a given point by Y. The identities 
hk = 1’1 and r(k - 1 ) = (z’-~ 1 ) i 
restrict the possible parameter sets. A symmetric design is a 2 - (u, k, 2) 
design such that h = v, r = k, and any two blocks meet in i points. A 
2 - (v, k, ,I) design is called qua.+symmetric if two blocks meet in ,s, points 
or in s2 points (where s, < s2 ). The Bruck- Ryser Chowla theorem provides 
necessary conditions for the existence of symmetric 2 - (L’, k, jb) designs (see 
Lander [9] for a coding theoretic interpretation of this theorem). 
THEOREM (BruckkRyser-Chowla). Suppose there exists N symmetric 
2 - (v, k, L) design. Set n = k - A Then 
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(1) if c is even then n is a square, 
(2) lf u is odd then the equation 
has a solution in integers (x, y, z) not all zero. 
We shall derive a necessary condition for the existence of a 2 - (u, k, i”) 
design where the intersection numbers s, ,..., s,, satisfy s, = s2 = . . . = 
x,? (mod 2). The main result is the following theorem which is proved in 
13ection 2. 
THEOREM A. Let 98 be a 2 - (II, k, I,) design with intersection numbers 
:L‘, ..., s,, where s, = s2 = . . . = s,, = s (mod 2). Then either 
(1) r = I. (mod 4) 
(2) s-O(mod2),k=O(mod4),tl- fl (mods), 
(3) s=l (mod2),k=v(mod4),rl= +I (mod8). 
Non-existence of quasi-symmetric 2-(21, 8, 14) 2-(21,9, 12) and 
2-(35, 7, 3) designs follows directly from Theorem A. The conditions of 
‘Theorem A are not sufficient to guarantee existence. Quasi-symmetric 
2-(33, 9, 6) designs satisfy part (4) of Theorem A but are eliminated in 
Section 2. Theorem A is proved by applying the theorems of Gleason [6] 
and of Mallows and Sloane [ 1 l] concerning maximal self-orthogonal 
codes with all weights divisible by 4. These two theorems were proved 
using invariant theory (see Sloane [ 161). 
Section 3 analyses five quasi-symmetric designs that are not eliminated 
by Theorem A: 2-(19,9, 16), 2-(20, 10, 18), 2-(20, 8, 14), 2-(22, 8, 12), and 
2-(24, 8, 7) designs. We prove that the blocks of these designs are obtained 
from octads and dodecads in the [24, 123 Golay code. The method is to 
analyze the binary code spanned by the blocks (possibly extended by 
adding an overall parity check) of the design. Tonchev [ 171 used the same 
method to establish the uniqueness of the classical quasi-symmetric 
2-(21, 6,4), 2-(21, 7, 2), 2-(22, 7, 16) designs related to the Steiner system 
S(5, 8, 24) and the non-existence of quasi-symmetric 2-(28, 7, 16) and 
2-(29, 7, 12) designs. Finally we eliminate quasi-symmetric 2-( 19, 9, 16) and 
2-(22, 8, 12) designs. 
2. AN APPLICATION OF INVARIANT THEORY 
Let g be a 2 - (v, k, 1) design with intersection numbers s, ,..., s,. Let N 
be the incidence matrix of B. The block graph f i, i = l,..., n - 1 is the graph 
SR?a!44’1-7 
with vertices the blocks of .#. where two blocks z, : z2 are adjacent I[ and 
only if I:, P z2 I =s,. The block graph of a quasi-symmetric design is 
strongly regular (see Cameron and van Lint IS. Theorem 3.21). If A, i, the 
adjacency matrix of the block graph I, then 
N’N=(r-A)I+i*J, (1) 
NN’=kl+s,A, +.~?A: c .“. +s,, ,A,, , +s,, i-I-- “1’ A, -- 1‘1. (2) 
\ r 
Tonchev [ 17) has considered quasi-symmetric designs where the intersec- 
tion numbers s,, s2 satisfy k =.s, -s2 (mod 2). Lemma 1 shows that it is 
possible to weaken this initial hypothesis. 
LEMMA I. Let p he a prime and let 9 he a 2 - (v, k, A) design with intcr- 
section numbers s, ,..., s,,. Jf’s, = s (mod p) i = l,..., n, then 
(1) k=s (modp), and 
(2) Y = E, (mod p). 
Proof: ( 1) Suppose k f s (mod p). Reducing (2) modulo p gives 
NN’r(k-s)l+.sJ(modp), 
and so v > Rank( NNr) 2 b - 1. Now b 2 v and equality holds if and only if 
s1 = s2 = . = s,, and B is a symmetric design. Therefore b = u + 1 and the 
identity bk = vr implies k = v which is impossible. 
(2) Suppose r f 1 (mod p). Then (1) implies Rank(NTN) 3 tl - 1. 
Let zi, i= l,..., 6, be the rows of N. If k =s=O (modp) then the vectors zi 
generate a self-orthogonal code over F,, and if k E s f 0 (mod p) then the 
vectors zi - zi generate a self-orthogonal code. Thus 
V 
ll 2 
+ 1, if k-s & O(modp) 
v - 16 Rank(NTN) d 
V 
IJ 5 
if krs=O(modp) 
which is impossible. 
Henceforth we consider only binary codes. We shall often use the fact 
that any binary self-orthogonal [v, m] code is contained in a self- 
orthogonal [v, Lv/Z]] code (see MacWiRiams and Sloane [lo, Chap. 19, 
Sect. 61). The next two theorems characterize the weight enumerators of 
certain maximal self-orthogonal codes and were proved using the 
nineteenth century technique known as invariant theory. 
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THEOREM 2 (Gleason [6], see also Berlekamp, MacWilliams, and Sloane 
[ 11, and Sloane [ 163). The weight enumerator W,(x, y) of a sewdual code 
C with all weights divisible by 4 is a polynomial in g, = x8 + 14x4y4 + y8 and 
h,, = x4y4(x4 - Y~)~. In particular the length of C ‘is divisible by 8. 
THEOREM 3 (Mallows and Sloane [ 111). (A) For n odd, let C be an 
[n, i(n - l)] self-orthogonal code. Thus C’ = C u (j+ C). Then 
(1) W,(x, y) is an element of the direct sum xC[fi, gs] @ 
&C[f2, gg], where 4, =x7 + 7x3y4, fi =x2 + y2, g, =x8 + 14x4y4 + y8. In 
words: W,(.u, y) can be written in a unique way as x times a polynomial in f2 
and g,, plus cj7 times another such polynomial. 
(B) Suppose in addition that all weights in C are multiples of 4. Then 
(2) n must be of the form 8m &- 1. 
(3) If n = 8m - 1 then W,(x, y) is an element of +h7C[g,, h,,] @ 
yr3C[g,, h,,], where yz3 =x23 + 506~‘~y~ + 1288,~‘~y’~ + 253x7y16, hz4 = 
x4y4( x4 - y4)4. 
(4) Jf n=8m+ 1 then W,(x, y) is an element of xC[g,, h,,] @ 
1//,,C[g8, hz4], where 11/,7=x’7+ 17x13y4+ 187.u9y”+ 51.~~y’~. 
The next lemma applies to an arbitrary 2 - (u, k, jti) design. 
LEMMA 4. Let .!B be a 2 - (v, k, A) design, let C be the code spanned by 
the blocks qf the design and let ZE C’-. Then 
(1) ifwt(z)=2(mod4) then rEi(mod4) 
(2) if wt(z) = 1 (mod 4) then r =O (mod 8) 
(3) ifwt(z)= -1 (mod4)then 2i+r=O(modS). 
Proof Let z E C’ be a codeword with weight 4w + 1 (w > 1, 
I= - 1, 1, 2) and let Nzi = N,,(z) be the number of blocks meeting z in 2i 
points. We have 
0 2 4 . . . 2i ... 
0 1 6 . . . ($i) . . . 
NO 
N2 
lv2i 
Multiplying both sides by 
8 
0 
0 
(3) 
5 2 
6 -4 
12 1 
gives 
I (4w+l- 1)(4~+1)E;m-%(4~ t I)-t8h =$ 3v(4w+f)-(4~+/--1)(4~~+I)% (4) (4~+/-1)(412~+OL--v(4w~+I) 
If/=2 then 
(~HT+ I- 1)(4~+ 1) 1. - 5r(4~,-t- I) + 8h= (412,+ 2)(i. - r) (mod 8) 
and so i.=r(mod4). If I= 1 then 
(4n,+ I- 1)(4~ + I) i. - r(4~1’+ I) E (41r,+ 1 )(4bvi. - Y) (mod 8) 
r4w(j.-r)-r(mod8). 
Lemma 1 implies Y E E. (mod 2) so we have r E 0 (mod 8). If I = -- 1 then 
(4w-t I- 1)(4w + l)i - r(4~1+ I)-~vc(-~~-Y)+ 22 + r (mod 8). 
Since Lemma 1 implies Y G i, (mod 2) we have 2i + r = 0 (mod 8). 
THEOREM 5. Let 39 he (I 2 --- (ti, k, A) design blxith intersection numbers 
r , ,..., s,, !f s, = s2 c . . . z s,, z 0 (mod 2) then eithrr 
(1) rzE.(mod4),or 
(2) k ~0 (mod 4) and I: 5 +I (mod 8). 
ProqjI Suppose r f i, (mod 4). By Lemma I, k = 0 (mod 2) and the 
code C’ spanned by the blocks of g is self-orthogonal. The code C is con- 
tained in a maximal self-orthogonal [u, 11 code C, where I= 1!/2 or 
(u - 1)/Z according as v is even or odd. By Lemma 4, the code C, is self- 
orthogonal with all weights divisible by 4. In particular k z 0 (mod 4). 
If u is even then Theorem 2 implies v = 0 (mod 8). Now the identity 
r(k - 1) = (U - 1) i, gives r = 1 (mod 4) contradicting the initial hypothesis. 
Therefore u is odd and Theorem 3 implies 1; = f 1 (mod 8 ). 
EXAMPLE A. Quasi-symmetric 2-(21, 8, 14) designs with intersection 
numbers 2 and 4. For such designs r = 40 and b = 105. Since r f i (mod 4) 
and u f 51 (mod 8) non-existence follows directly from Theorem 5. 
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THEOREM 6. Let 9 be a 2 - (u, k, I) design with intersection numbers 
s I,..., s,. Zf s, -s2= . . . = s, s 1 (mod 2) then either 
(1) rri(mod4), 
(2) v- +l (mod8) and k=v (mod4). 
Proof Suppose r f 2 (mod 4). By Lemma 1 we have k = 1 (mod 2). 
The identity r(k - 1) = (v - 1) 2 implies that if v is even then r - 2 (mod 4) 
and A = 0 (mod 4). Suppose u is even, and let C be the code spanned by the 
blocks of the design. Lemma 4 implies that all weights in C’ are divisible 
by 4. However the complement of a block has odd weight and is 
orthogonal to C. Therefore v is odd. 
Add an extra coordinate P and extend every block by adding an overall 
parity check. The code C, spanned by the extended blocks is self- 
orthogonal. It is therefore contained in a maximal self-orthogonal [u + 1, I] 
code C,, where 1= (u + 1)/2 or v/2 according as v is odd or even. Let C, be 
the [v, (v - 1)/2] code obtained by truncating all codewords of Cz with a 
zero in position P. By Lemma 4, C, is self-orthogonal with all weights 
divisible by 4. Note that if b is a block then j + b E C, so that wt(,j + b) E 
0 (mod 4) and k = v (mod 4). Theorem 3 implies v z il (mod 8). 
EXAMPLE B. Quasi-symmetric 2-(21, 9, 12) designs. Here v = 21, k = 9, 
%=12, r-30, b=70, sr=3, sz=5. Since rfi,(mod4) and v& 
+ 1 (mod 8 ) non-existence follows directly from Theorem 6. 
EXAMPLE C. Quasi-symmetric 2-(35, 7, 3) designs. Here u = 35, k = 7, 
i,=3, r= 17, b=85, s,=l, sZ = 3. Since r f I. (mod 4) and v f 
3: I (mod 8) non-existence follows directly from Theorem 6. 
EXAMPLE D. Quasi-symmetric 2-(33, 9, 6) designs. Here v = 33, k = 9, 
1, = 6, r = 24, b = 88, s, = 1, s2 = 3. The code C, is a self-orthogonal 
[33, 161 code with all weights divisible by 4. The minimum weight d in C, 
satisfies d 3 (r + 2)/i (Tonchev [ 17, Lemma 2.23) so d = 8. It is also 
straightforward to verify d 24 directly. Let W(x, y) be the weight 
enumerator of C,. By Theorem 3 there are constants a, b, c such that 
Wx, Y) = ax.4 + bxg8b4 + 4 ‘,gi 
W(x,y)=a~~~~+(51c+b+56a)~~~~~+(1615~+106+1180a)x~y’~ 
+(15351c-49b+11144a)x’3~20+(3893lc+76b+40774a)x’7~16 
+(8681c-49b+11144a)x2’~‘2+(861c+10b+1180a)x25yX 
+ (45~ + b + 56a) x2’y4 + (c. + a) x33. 
Now c+u= 1,45c+h+56cz=O. so 
W( s, J’) = u.xy + (6 ~~~- 6u) .xT,I.2x + ( 1 16.5 -- 545u) .IP.‘))..J 
+(17556-366Xu).k-“~~~~3-(1007ut35511l.u”~’” 
+ (3002~ + 10886) .Y”J~” + (209a + 41 1 ) .I-“? + .\?, 
Now a = 0 since there are no codewords of weight 2 in Cz. Hence there are 
6 codewords of weight 6 in C, that contain P. Let Z~E Cz be one of the 6 
codewords, and let N, be the number of extended blocks meeting zh in i 
points. Then d= 8 implies N, = 0, and 
N,+N,=88, N2 t3N4=5x24. 3N,= 10x6 
which is impossible. Therefore this design does not exist. This means that 
the necessary conditions given in Theorem 6 are not sufficient. 
3. ANALYSIS OF QUASI-SYMMETRIC DESIGNS THAT SATISFY THE EXISTENCE 
CRITERIA 
(3.1) Neumaier ‘s Table Updated 
Neumaier presents a classification of quasi-symmetric 2 - (c, k, i.) 
designs in [ 121. He distinguishes four classes of designs and lists the 
parameter sets of the 23 exceptional designs with u < 40 that do not belong 
to any of the four classes. Tonchev updated this table in [ 171 and Table I 
updates the table still further. When a design exists, the number in brackets 
indicates the number of non-isomorphic solutions if this is known. 
(3.2) Quasi-symmetric 2-(20, 10, 18) Designs 
Here v=20, k=lO, A=18, r=38, b=76, s,=4, s,=6. We shall prove 
that the blocks of this design are obtained by shortening dodecads in the 
[24, 121 Golay code. Let G,o,,o be the [20, lo] code obtained from the 
[24, 121 Golay code by choosing codewords beginning OMMI, 1100, 0011, 
or 1111. 
THEOREM 7. Let a be a quasi-symmetric 2-(20, 10, 18) design and let C 
be the code spanned by the vector ,j = (1, I,..., 1) and by the blocks of the 
design. Then C = G,,,,,. 
Proof: Let C, be any code satisfying Cc C, s Cl. Let zq E C, be a 
codeword of weight 4 and let Ni(zq) = Nj be the number of blocks meeting 
zq in i points. Then 
N,+N,+N,=76, 2N,+4N4=4x38, NZ+6N4=6x 18 
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TABLE I 
Neumaier’s Table Updated 
No. v k I r b s, s2 Existence Remarks 
I 19 9 16 36 76 3 5 No Theorem 13 
2 20 10 18 38 76 4 6 ? (3.2) dodecad geometry 
3 20 8 14 38 95 2 4 ? (3.3) octadidodecad geometry 
4 21 9 12 30 70 3 5 No Theorem A 
5 21 8 14 40 105 2 4 No Theorem A 
6 21 6 4 16 56 0 2 Yes (1) Cioethals and Seidel [7] 
7 21 7 12 40 120 1 3 Yes (I) Goethals and Seidel [7] 
8 22 8 12 36 99 2 4 No Theorem 10 
9 22 6 5 21 77 0 2 Yes (I) Witt [ 191 
10 22 7 16 56 176 1 3 Yes (1) Goethals and Seidel [7] 
11 23 7 21 77 253 1 3 Yes (1) Witt [19J 
12 24 8 7 23 69 2 4 No Brouwer and Calderbank [Z] 
13 28 7 16 72 288 1 3 No Tonchev [ 171 
14 28 12 11 27 63 4 6 Yes Cameron [ 121 
15 29 7 12 56 232 1 3 No Tonchev [ 171 
16 31 7 7 35 155 1 3 Yes (5) Brouwer [ 121, Tonchev [ 1 S] 
17 33 15 35 80 176 6 9 ‘I 
18 33 9 6 24 88 1 3 No Example D 
19 35 7 3 17 85 1 3 No Theorem A 
20 35 14 13 34 85 5 8 ? 
21 36 16 12 28 63 6 8 Yes Cameron [ 121 
22 37 9 8 36 148 1 3 7 
23 39 12 22 76 247 3 6 7 
and so 
N,(zJ = 8, N,(z,) = 60, N&J = 8. (5) 
Let zg E C, be a codeword of weight 6 and let Ni(zg) = Nj be the number of 
blocks meeting zg in i points. Then 
N,+N,+N,+N,=76, 2N,+4N,+6N6=6x38, 
NI+6N,+15N,=15x18. 
If N, 3 3 then there are 3 blocks b,, b,, b, containing zg and 
j + b, + b, + b, E C, is a codeword with weight 2. If N, = 2 then N4 = 33 
and N, = 42, which is impossible. Therefore 
N&d = 0, N&d = 39, N&J = 36, Nobi) = 1, (6) 
or 
N,(G) = 1, N&d = 36, N&,) = 39, N,(z,) = 0. (7) 
Define a 1 :I6 correspondence between codewords of weight 4 in ! , :~nti 
codewords of weight 6 as follows. Given a codeword s E C’, of wcighl 4 let 
h , ,..., h, be the blocks containing Y and let L’, . . . . (‘x be the blocks disjornt 
from .Y. The I6 codewords of weight 6 are .Y + !I;. I -- I 8 .,ind 
.Y + o, +,j, i = I..... 8. Equations (6) and (7) imply that every codeword of 
weight 6 arises exactly once in this way. 
Let A,, i=O,..., 20, be the number of codewords of weight i in (‘ and let 
B,, i = O,..., 20 be the number of codewords of weight i in (‘-. We have 
proved that 
A, = 16A, and B, = 16B,. 
If C’ is a [20, k] code then the MacWiIliams relations give 
2 + 34B, + 2B, + B,,, = 2h. 
380+828B,-4B,- 10B,,=2hA1=0, 
9690-2182B,-38B,+45B,,=2“A,, 
77520-l072B,+208B,-120B,,=2~A,=16x2”A,. 
Hence 
B, = & (5 x 2k - 960), 
B8 = & ( 1.55 x 2k + 49280), 
B,,=&(lI ~2~-22112), 
Now k 2 10 and the only possible solution is k = 10. Thus C is self-dual 
with weight distribution 
A,,=A,,= 1, A,=AIh=5, il,=A,,=XO, 
A,=A,,=250, A ,. = 352. 
The self-dual [20, lo] codes have been enumerated by Pless [ 131. The 
shortened Golay code G,,,,, is the only self-dual code with this weight 
distribution. 
(3.3) Quasi-Symmetric 2-(20, 8, 14) Designs 
Here v=20, k= 8, A= 14, r= 38, h=95, s1 =2, .v2 =4. We shall prove 
that the blocks of the design are octads or truncated dodecads. Again G,, ,(, 
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IS the [20, lo] code obtained from the [24, 121 Golay code by choosing 
Icodewords beginning 0000, 1100, 0011, 1111. Let Gzo,9 be the [20,9] 
subcode of G,,,,, consisting of all codewords with weight divisible by 4. 
THEOREM 8. Let B be a quasi-symmetric 2-(20, 8, 14) design and let C 
be the code spanned by the vector .j= (1, l,..., 1) and by the blocks qf the 
design. Then C = G,,,, . 
Proof Let C, be any code satisfying Cc C, c C-. Let Z~E C, be a 
codeword of weight 4 and let N,(z~) = N, be the number of blocks meeting 
z4 in i points. Then 
No+Nz+N4=95, 2N,+4N4=4x38, Nz+6N,=6x 14 
and so 
N,(q) = 21, N,(z,) = 72, N4( z4) = 2. 63) 
Let z8 E C, be a codeword of weight 8 that is not a block. Let N,(z,) = N, 
be the number of blocks meeting zx in i points. Then 
N,,+NZ+N4+N6=95, 2N,$4N,+6N6=8x38, 
N,+6N,+ 15N,=28x 14 
and so 
N,,(z, I= 3 - N,(,-, 1, Nz(zx) = 32 + 3N&,), NJ:,) = 60- 3N,(z,). 
In particular 
N,(z,) + N&z,) = 3. (9) 
Define a 1:31 correspondence between codewords of weight 4 in C, and 
codewords of weight 8 that are not blocks are follows. Given a codeword 
XE C, let b, ,..., bZ, be the blocks disjoint from x and let cI ,..., c,* be the 
blocks meeting x in 2 points. The codewords x + b, +j, i= l,..., 21, and 
x + ci, i = l,..., 72 have weight 8 and are not blocks. We have defined 93 
codewords. Equation (9) implies that every codeword of weight 8 that is 
not a block arises 3 times in this way. 
If Ai, i=O,..., 20 is the number of codewords of weight i in C, then we 
have proved that 
(A,-95)=31/I,. (10) 
Again we require the enumeration of self-dual [20, lo] codes provided by 
I 04 -\. ii i ALDERRANK 
Pless [ 131. The shortened Golay code G ?O,,o is the only code with a weight 
distribution satisfying (IO). Thus C’c Gzo, ,,). Containment is proper since a 
block corresponds to a codeword in the [24. I?] Golay code beginning 
0000 or 1111. If C is a [20. k] code then (10) implies that the weight 
enumerator W(.u. y) of C is given by 
W(r, y)=.G’)+ ‘4,X’“1’J$ (31/l,+-95) .\.‘2.1~s 
+(31A,-t95)x”?,“fAl.r~~‘“$~-‘) 
Hence A,= 1, k=8 or A, = 5, k=9. Since (8) implies A, # 1 we have 
A,=$ k=9, and C‘=~I?~~,~. 
(3.4) Quasi-Symmetric 2-(22, 8, 12) Designs 
Here u = 22, k = 8, i. = 12, r = 36, h = 99, s, = 2, s2 = 4. We shall prove 
that the blocks of this design are octads in the 124, 121 Golay code. Let 
G 22.12 be the [22, 121 code obtained by twice puncturing the [24, 121 
Golay code. Then G,,,,, is a uniformly packed 2-error-correcting code (see 
Goethals and van Tilborg [8]). We shall need the fact that the covering 
radius of G22,,2 is 3. Let G22,, , be the [22, 11) code obtained from the 
[ 24, 121 Golay code by choosing codewords beginning 00 or 11. Finally let 
G 22. IO = G& ,2. Note that Gzz. ,(I is a 3-weight code with weights 8, 12, and 
16. 
The self-dual 122, 111 codes have been enumerated by Pless and Sloane 
[14, 151. The shortened Golay code G,,,,, is the unique code with 
minimum distance d 3 6. 
THEOREM 9. Let Sl be a quasi-symmetric 2-(22, X, 12) design and let C 
he the code spanned h,v the blocks of the design. Then C = Gzz. ,o. 
Proof. The code C is contained in the doubly even kernel of a self-dual 
[22, 1 l] code C,. We shall prove that C, = G22,,, . Let zq E C, be a 
codeword of weight 4 and let Ni(zq) = N, be the number of blocks meeting 
zq in i points. Then 
No+N,+N.,=99, 2N2+4N,=4x36, N2+6N,=6x 12 
and so 
N,(z,) = 27, N,(z,) = 72, N,(z,) = 0. (11) 
Let zg E C, be a codeword of weight 6 and Let Ni(zg) = N, be the number of 
blocks meeting zg in i points. Then N, = 0, 
N,,+N,+N4=99, 2N2+4N,=6x36, N,+6N,= 15x 12, 
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and so 
No(%) = 9, wd = 72, N,(z,) = 18. (12) 
Let zs E C, be a codeword of weight 8 that is not a block. Let Ni(z,) = iVj 
be the number of blocks meeting zs in i points. Then 
N,+N,+N,+N,=99, 2N,+4N,+6N6=8x36, 
N, + 6N, + UN, = 28 x 12, 
and so 
~Vo(zd = 3 - N&d, 
1 n particular 
N&d = 48 + 3N&,), N,(z,) = 48 - 3N,(z,). 
Nob, I+ N,(z, I= 3. (13) 
There are 72 blocks meeting a codeword z4 E C, of weight 4 in 2 points. 
Thus zq determines 72 codewords of weight 8 in C, that are not blocks. If 
26 E C, is a codeword of weight 6 then there are 9 blocks 6, ,.., h, disjoint 
from z6. The codewords zg + hi +j, i= l,..., 9 have weight 8 and are not 
blocks. Now ( 13 ) implies 
72A, + 9‘4, = 3(/l, - 99) (14) 
where A,, i = O,..., 20 is the number of codewords in C, of weight i. Now we 
calculate the weight distribution of C, using the MacWilliams relations. 
‘We obtain 
2+2A,+2A,+2(24A4+3A,+99)+2A,,=2”, 
1848+510A,+ 120A,- 18A,,=2”,4,=0, 
-616 -2410/l, - 552A, + 70.4 ,,, = 2”A,. 
Hence 
A,=O, A,=77, A,=330, A ,. = 616. 
The self-dual [22, 111 codes have been enumerated by Pless and Sloane 
[ 14, 151. The shortened Golay code G,,,,, is the only code with this weight 
distribution. Hence C, = G,,, 1 1 
It follows that Cc G22,1,, and G,,,,, c C’. If C # Gzz,,o then there exists 
z E C’\G,,,,. Since the covering radius of G,,,,, is 3 we may write 
z=c+e, where c E Gz2, ,2 and wt(e) d 3. However e+ C’ since the 
minimum weight in C’ is at least 4. Theorefore C = G,,. ,0. 
Proof: Let .# be a quasi-symmetric 3-122. 8. i 2 1 design. By Tht:orem Y 
the blocks of J are octads in the [.24. 121 Colay code that begin 00. Let - 
be an octad beginning 01 and let N,, i- 0, 2, 4 be the number of blocks 
meeting z in i points. Then 
N,,+ N,+ N,=99, ZN, -t 4N, = 7 x 36. iv1 + 6‘Y, := 21 x I’. 
Since this system of equations does not have an integer solution we have 
derived a contradiction. 
(3.5) Quasi-Symmetric 2-(24, 8. 7) Designs 
Here V= 24, k = 8, E, = 7, r = 23, b= 69, s, = 2, .s2 =4. Tonchev 117) 
observed that the blocks of a quasi-symmetric 2-(24,8, 7) design 9 must be 
octads in the [24, 121 Golay code. He also proved that .?%? does not admit 
an automorphism of order 23. 
Brouwer and Calderbank [2] proved that the code C spanned by the 
vector j= (1, l,..., 1) and by the blocks of a is the [24, 121 Golay code. A 
sextet is a partition of 24 points into six 4-sets (called tetrads) with the 
property that the union of 2 tetrads is an octad in the [24, 121 Golay code. 
Calderbank [3] proved non-existence of a quasi-symmetric 2-(24, 8, 7) 
design with the property that every sextet contains at most 2 blocks. 
Brouwer and Calderbank [2] proved that every quasi-symmetric 
2-(24, 8, 7) design has this property. Thus we have 
THEOREM 11. Quasi-symmetric> 2-(24, 8, 7) designs u’o not exist. 
There are two interesting corollaries. Cameron 143 calls a 2 - (P. k. j.) 
design a quasi 3-design if it is symmetric and any triple is contained in J’ 
blocks or g blocks where 0 <,f’< g d L The derived and residual designs of 
a quasi 3-design are quasi-symmetric. Non-existence of a symmetric quasi 
3-design with parameters v = 70, k = 24, j. = 8, .f‘= 2, g = 4 follows directly 
from Theorem 11. 
A sextet determines (5) = 15 octads, these being the possible unions of 
disjoint tetrads. Call two sextets disjoint if the corresponding sets of octads 
are disjoint. The size of a cohction of pairwise disjoint sextets is bounded 
above by 46. A collection of 46 pairwise disjoint sextets determines 
46 x 15 = 690 octads. Brouwer and Calderbank [2 J proved that the 
remaining 69 octads are the blocks of a quasi-symmetric 2-(24, 8, 7) design 
with the property that any triple is contained in 1 block or in 3 blocks. 
Non-existence follows directly from Theorem 1 I. 
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(3.6) Quasi-Symmetric 2-( 19, 9, 16) Designs 
Here u= 19, k=9, ;1.= 16, r= 36, b=76, sr =3, s2= 5. We shall prove 
that the blocks of this design are obtained by shortening dodecads in the 
1124, 121 Golay code. Again G,, r. is the [20, lo] code obtained from the 
1124, 121 Golay code by choosing codewords beginning 0000, 1100, 0011, 
or 1111. Add an extra coordinate P and extend every block by adding an 
overall parity check. 
THEOREM 12. Let B be a quasi-symmetric 2-( 19,9, 16) design and let C 
be the code spanned by the vector ,j= (1, l,..., 1) and bll the extended blocks 
#of the design. Then C = GzO, ,,. 
Proof: Let C, be any code satisfying Cc C, c CL. We shall establish a 
1:16 correspondence between codewords of weight 4 in C, and codewords 
of weight 6. The proof can then be completed using the method of 
Theorem 7. 
Let zq E C, be a codeword of weight 4, and let Ni(z4) = Ni be the number 
of blocks meeting z4 in i points. If P E z4 then 
N2+N,=76, N,+3N4=3x36, 3N,=3x 16 
and so 
NI(zi,) = 60, NJ:,) = 16. (15) 
If P $ zq then 
N,+ N,+ N4=76, 2N,+4N4=4x36, N,+6N4=6x 16, 
and so 
N,(G) = 10, N,(z,) = 60, N,(z,) = 6. (16) 
Let z6 E C1 be a codeword of weight 6 and let N,(z,) = Ni be the number of 
blocks meeting zg in i points. If P E z6 then 
N,+N,+N,+N,=76, N,+3N,+5N6=5x36, 
3N,+ lON,= 10x 16, 
and so 
N,=$(l-N,), N, = 5N, + 20, N,=f(160- lON,). 
Hence 
Ndz,) = 0, N,(z,) = 25, N,(G) = 50, N&6) = 1 (17) 
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If P$zh then 
N,, + N2 + N, + N, = 76. 2N, + 4N,1 k 6N,, = 6 w 36. 
N,+6N.,+15N6= 15x 16. 
and so either 
No(%) = 0, NZ(z6) = 45, N,(z,) = 30. N&h) = I. (18) 
or 
No(zJ = 1, N,(z,) = 42, N,(z,) = 33, N,(z,) = 0. (19) 
Given a codeword zq E C, of weight 4 there are 16 (extended) blocks 
b, ,6, ,..., 6,, with the property that zq c b, or zq n hi = 0. If zq E hi then 
wt(z, + hi) = 6 and if zq n bj = fz! then wt(j+ zq + hi) = 6. Equations (17) 
(18) and (19) imply that every codeword of weight 6 arises exactly once in 
this way. This establishes a I:16 correspondence between codewords of 
weight 4 in C, and codewords of weight 6. 
THEOREM 13. Quasi-symmetric 2-( 19, 9, 16) designs do not exist. 
Proof Let g be a quasi-symmetric 2-( 19, 9, 16) design. By Theorem 13 
the blocks of ?J are dodecads in the [24, 121 Golay code that begin 00111 
or 11001. Let z be an octad beginning 10101 and let Ni, i= 0,2,4 be the 
number of blocks meeting the remaining 5 points of z in i points. Then 
No+ N,+ N,=76, 2N,+4N4=5x36, N2+6N4=10x 16. 
Since this system of equations does not have an integer solution we have 
derived a contradiction. 
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